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“» DE MOIVRE’S THEOREM:

Statement:

1.If n is a positive or negative integer then (cos 8 + isinf)"=cosnf + i sinnb

2.1f n is a positive or negative fraction ,then (cosnB + i sinn#f) is one of the value
of (cos @ + isin )™ ,where O€R.

Proof : To prove the De Moivre’s theorem ,we consider the following three cases.
Case 1: When n is a positive integer.

Let be (cos o + i sin a) and (cos B + i sin ) two complex numbers.

By multiplication of complex numbers , we get
(cosa+isina).(cosB + isinB)=(cosacosP — sinasinf) +

i(sin o cos  + cos asin )
=cos(a + B) + isin(a + B)
Multiplying both sides by (cos Y + i sin Y') ,we obtain
Cis (a)cis (B)cis (Y) =[cis(a+p)]cis (Y)
=cis (a+p+Y)

Continuing in this way;,

Cis (a) cis (f)cis (Y) ...upto n factors= cis (a++Y+... upton
terms)




Putting a=B=Y=...=0 on both the sides, we get
(cos 8 + isin@)"=cosnf + i sinnb

Thus,DMT is proved for positive integer n.
Case-2:When n is any negative integer.

Then, we can write n=-m,where m is positive integer.

Now.

b/

(cos@ +isin@)*=(cosf +isinf) ™™

1
_(cos 6+isin )™

. 1
cos mO+i sin m@

...by case- 1

1 cos mO—i sin m@

cos mO+i sin m@ cos mO—i sin mo

__cosmB—isinm6

cos?2 mO+sin? moé




(cos @ + i sin @)™ _Cos(=m)0+isin(-m)®
1
—cos nO+isin nO

Hence, (cos 8 + i sin 8)"=cos nO+isinne when n is negative.
=DMT is proved for negative integer n.

Case-3:When n is a fraction , positive or negative.

Then we can write nzg ,where pel ,qeN.

As q is positive integer, by case-1 of DMT, we get

q
(cos g + 1 sin 9) =COS (q 2) + 1 sin (q B)
q q q q
=cosf +isinf

0 0 =
.'.(cosa + i sin E)Z(cos 0 + isinf)a
1

e .. 6 e
=CO0S , + i sin is one of the value of (cos @ + i sin )4
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Raising the power p to both the sides , we get
p

p P
(Cosg + i sin g) is one of the value of (cos 8 + i sin 8)4

6 . . pb AN -
=>COS%+£Sln%isone of the value of (cos 8 + i sin 6)4

i.e. cosnf + isinné is one of the value of (cos 8 + i sin 6)™.

Thus , DMT is proved for any fraction n.
In this way , from the three cases above , De Moivre’s Theorem follows.

> Example based on De Moivre’s Theorem:

Question : Prove that:-
. m . m 2 2 m m —1 b

(a +ib)n+(a—ib)n=2(a“ + b=)zn.cos (;tan E)

Solution : Let a=r cos© and b=r sin©

Then,r=va? + b2 and 6=tan~! b

a




/" & a+ib = rcos® +irsin®

N

~ a+ib =r[cosO +i sin O]

m
Raising power — on both the sides , we get
n

m m

(a+ib)n=rn|cosf +isinf|n

:r% COS (%) 6 + isin (%) 9] ...by DMT
Similarly,
(a — ib)%:r% [cos (%) 0 — isin (%) 9]

m m

m
So that (a + ib)n+(a — ib)n=2rn cos % 0

: Y= (i) — T e ™ g1
~(a+ ib)n+(a — ib)n=2(Va? + b?) .cos—tan™" —

m
m b
=2(a® + b?)m cos%tan 1;

Hence proved.
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**The g-roots of (cos @ + isin 0)4:

By De Moivre’s Theorem , if n is a positive or negative fraction then
cos n@ + i sin no is one of the value of (cos @ + i sin 8)™ ;where
O€R. But we should have n values of nth roots ,to be determined as
follows.

Some standard forms of 1, -1, i, -1.

1=cos 0 +isin0

-1=cosm +1isinw

T .. T
1I=COS—+ 1SIn—
2 2




Question :Solve the equation x"+1=0 by De Moivre’s theorem.
Solution :Given equation is X "+1=0

=x’ = —1
1
SX = (—1)7
Denote z = -1

Then z =[cOoS T + 1 SIn 77|

We know that, sine and cosine functions are periodic functions with

period 27T.
~z=[cos(2km + m) + i sin(2km + )], where k = 0,1,2,3,....

. 1
Raising power - throughout, we get

1
z7 = [cos(2km + m) + i sin(2km + )]

N

1

Say up=z7 = [cos(2k + 1) "/, + isin(Zk + 1) ™/;] ...eqn (1)

/
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For k=0, (1)=>ugy = [cos("/7) + i sin(*/;)]
For k=1, (1)=>uy = [cos(*"/;) + isin(?"/;)]
For k=2, (1)=>u, = [cos(®°™/;) + i sin(°"/,)]
For k=3, (1)=>u3 = |[cos(m) + i sin(m)]=-
For k=4, (1)=>uy, = [cos(°"/;) + isin(°"/;)]
= [cos(®]"7>"/7) + i sin(*"~>"/;)]

= [cos(*™/7) — i sin(®"/7)]

For k=5, ()=>us = [cos(*1™/,) + i sin(}17/.)]
= [cos(*"737/7) + i sin(*" =37 /;)]

=[cos(®™/7) — isin(*"/7)]




/

For k=6, ()=>ug = [cos(}37/,) + i sin(137/,)]
= [cos(®*"""/7) + isin(*""7"/;)]
=|cos(*/7) — isin("/;)]

1
These are seven distinct roots of (—1)7.

Thus the required roots of given equation are -1, [COS(Tn/ 7) * Sin(rn/ )]

where r=1,3,5.




