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HYPERBOLIC FUNCTIONS: 

If z is real or complex, then the quantity 
𝑒𝑧+𝑒−𝑧2  is called hyperbolic 

cosine of z . It is denoted by cosh z (hyperbolic cosine function of z). 

                                  cosh z = 
𝑒𝑧+𝑒−𝑧2   

The quantity 
𝑒𝑧−𝑒−𝑧2  is called a hyperbolic sine function of z. It is 

denoted by sinh z (hyperbolic sine function of z). 

                                  sinh z = 
𝑒𝑧−𝑒−𝑧2   

Analogically,other hyperbolic function are defined as follows: 
 
                    tanh z =

𝑒𝑧−𝑒−𝑧𝑒𝑧+𝑒−𝑧 , coth z =
𝑒𝑧+𝑒−𝑧𝑒𝑧−𝑒−𝑧 

 

                cosech z =
2𝑒𝑧−𝑒−𝑧 , sech z =

2𝑒𝑧+𝑒−𝑧 

 
 



Relation between hyperbolic 
and circular function : 
1.cos (iz) = cosh z 
2.sin (iz) = i sinh z  
3.tan (iz) = i tanh z 
4.sec (iz) = sech z 
5.cosec (iz) = -i cosech z 
6.cot (iz) = -i coth z 

 



 Separation of complex function into real and 
imaginary parts : 

Question-1: Separate into real and imaginary parts of sin α + 𝑖β  
Solution :- Let z = sin α + 𝑖β  
                           =sin α cos 𝑖β + cos α sin 𝑖β  
                           =sin α cosh β + 𝑖 cos α sinh β 
 
Hence,      Re(z) =sin α cosh β 
                  Im(z) = cos α sinh β 
 
Question-2: If cos 𝑥 + 𝑖𝑦 =cos α + 𝑖 sin α, show that                                                           cosh 2𝑦 + cos 2𝑥 = 2. 
Solution :-Let cos 𝑥 + 𝑖𝑦 =cos α + 𝑖 sin α 
                  ⇒cos x cos iy – sin x sin iy =cos α + 𝑖 sin α 
                  ⇒cos x cosh y –isinx sinh y =cos α + 𝑖 sin α 



Equating real and imaginary parts, we get 
cos x cosh y =cos α      …(1) –sinx sinh y = sin α      …(2) 
 
Squaring and adding equations (1) and (2), we get            cos2 𝑥 cosh2 𝑦 + sin2 𝑥 sinh2 𝑦 = cos2 α + sin2 α ∴cos2 𝑥 cosh2 𝑦 +(1-cos2 𝑥)(cosh2 𝑦-1)=1 ⇒ cos2 𝑥 cosh2 𝑦 +cosh2 𝑦-1- cos2 𝑥 cosh2 𝑦+cos2 𝑥=1 ⇒cosh2 𝑦+cos2 𝑥=2 
 ⇒1+cosh 2𝑦2 + 1+cos 2𝑥2 = 2 ⇒12 + 12 + cosh 2𝑦2 + cos 2𝑥2 = 2 ⇒12 cosh 2𝑦 + cos 2𝑥 =2-1=1 

 ⇒cosh 2𝑦 + cos 2𝑥 =2 
Hence proved. 



 INVERSE HYPERBOLIC FUNCTIONS : 
If sin z =u then z =sin−1 𝑢 is called inverse huperbolic sine function 
of u. 
Similarly other inverse hyperbolic functions are defined. 
The inverse hyperbolic function can be expressed as logarithmic 
functions as below : 

1. If sinh 𝑦 = x then 𝑦 = sinh−1 𝑥 = log 𝑥 + 𝑥2 + 1 . 

2. If cosh 𝑦 = 𝑥 𝑡ℎ𝑒𝑛 𝑦 = cosh−1 𝑥 = log 𝑥 + 𝑥2 − 1  

3. If tanh 𝑦 = 𝑥 then 𝑦 = tanh−1 𝑥 = 12 log 1+𝑥1−𝑥  

  Relation between inverse hyperbolic and inverse 
circular functions : 

1. sinh−1 𝑦 = 1𝑖 sin−1 𝑖𝑦  

2. cosh−1 𝑦 = 1𝑖 cos−1 𝑦  

3. tanh−1 𝑦 = 1𝑖 tan−1 𝑖𝑦  

 



 Separation of complex function into real and 
imaginary parts : 

Question-1:Separate into real and imaginary parts of tan−1 α + 𝑖β  
Solution :-Let tan−1 α + 𝑖β =x+iy 
                 ⇒ α + 𝑖β=tan(𝑥 + 𝑖𝑦) 
                 ⇒ α − 𝑖β=tan(𝑥 − 𝑖𝑦) 
 
We can write 2𝑥 = 𝑥 + 𝑖𝑦 + 𝑥 − 𝑖𝑦  
Then tan 2𝑥 = tan 𝑥 + 𝑖𝑦 + 𝑥 − 𝑖𝑦  tan 2𝑥 = tan(𝑥 + 𝑖𝑦) + tan 𝑥 − 𝑖𝑦1 − tan(𝑥 + 𝑖𝑦) tan(𝑥 − 𝑖𝑦) 

                                      =
α+𝑖β + α−𝑖β1− α+𝑖β α−𝑖β  

                                      =
2α1− α2− 𝑖β 2  

                                      =
2α1− α2+β2  



⇒2𝑥 = tan−1 2α1−α2−β2  ⇒𝑥 = 12 tan−1 2α1−α2−β2 =Re tan−1 α + 𝑖β  

 
Also we can write 2𝑖𝑦 = 𝑥 + 𝑖𝑦 − 𝑥 − 𝑖𝑦  
          Then, tan 2𝑖𝑦 = tan 𝑥 + 𝑖𝑦 − 𝑥 − 𝑖𝑦  
 

                   itanh 2𝑦 = tan 𝑥+𝑖𝑦 −tan 𝑥−𝑖𝑦1+tan 𝑥+𝑖𝑦 tan 𝑥−𝑖𝑦  

                                    =
α+𝑖β − α−𝑖β1+ α+𝑖β α−𝑖β  

                   itanh 2𝑦 =
2𝑖β1+ α2+β2  

                   tanh 2𝑦 =
2β1+ α2+β2  

                          ∴2𝑦 = tanh−1 2β1+ α2+β2  

                            ∴𝑦 = 12 tanh−1 2β1+ α2+β2  



We know that tanh−1 𝑥 = 12 log 1+𝑥1−𝑥  

 ∴𝑦 = 12 12 log 1+ 2β1+ α2+β21− 2β1+ α2+β2  

 

      = 14 log 1+α2+β2+2β1+α2+β2−2β  

 ∴𝑦 = 14 log 1+β 2+α21−β 2+α2 = Im{tan−1 α + 𝑖β } 

 
 



 Logarithms of complex quantities : 
If 𝑒𝑥+𝑖𝑦 = 𝑢 + 𝑖𝑣 then 𝑥 + 𝑖𝑦 = log 𝑢 + 𝑖𝑣  is called a logarithm 
of complex quantity u+iv. 
By Euler’s identity, 
                             𝑒2𝑛𝜋𝑖 = cos 2𝑛𝜋 + 𝑖 sin 2𝑛𝜋  
                             𝑒2𝑛𝜋𝑖 =1, where nєI ∴𝑒𝑥+𝑖𝑦𝑒2𝑛𝜋𝑖 = (u+iv).1 ∴𝑒𝑥+𝑖 𝑦+2𝑛𝜋 =u+iv ⇒𝑥 + 𝑖 𝑦 + 2𝑛𝜋 = log𝑒(𝑢 + 𝑖𝑣) , 𝑛є𝐼 
This shows that the logarithm of the complex quantity is a many valued 
functions. 
The general value of logarithm of u+iv is denoted by Log (u+iv) and 
the principal value is given by log𝑒 𝑢 + 𝑖𝑣  for which n=0. 
Hence, 
Log (u+iv) =x+i(y+2n𝜋) 
                   =(x+iy) +i2n𝜋 
Log (u+iv) =log (u+iv) +2n𝜋i 
 
 



 Some special cases : 
1. Logarithm of a negative real quantity :- 

The principal value of a negative real quantity is given by, 
                   log (-x) = log x + i𝜋 
 
The general value of a negative real quantity is given by, 
                   Log (-x) =log (x) + i (1+2n)𝜋 
 

2.   Logarithm of a purely imaginary quantity:- 

The principal value of a purely imaginary quantity is given by,  

                  log (xi) = log x +i
𝜋2 

 
The general value of a purely imaginary quantity is given by, 

                  Log (xi) = log x + i
12 + 2𝑛 𝜋 



Question 1:Find general value of log (4+3i). 
Solution : Let 4+3i = 𝑟𝑒𝑖𝜃  

                 where r = 42 + 32= 25=5 and 𝜃 = tan−1 34  

 Now, 
         log (4+3i) = log (𝑟𝑒𝑖𝜃) 
                           = log r + log 𝑒𝑖𝜃  
                           = log r + i𝜃 
    

     ∴ log (4+3i)  = log 5 +itan−1 34          …(1) 
This is the principal value of log (4+3i). 
The general value is given by, 
        Log (4+3i) = log (4+3i) + 2n𝜋𝑖, nєI 

                           = log 5 + itan−1 34  + 2n𝜋𝑖         …by (1) 

         

        Log (4+3i) = log 5 +i tan−1 34  + 2n𝜋  

 



 Gregory’s Series : 
If − 𝜋4 ≤ 𝜃 ≤ 𝜋4 then 𝜃 = tan 𝜃 − 13 tan3 𝜃 + 15 tan5 𝜃 − ⋯ 

This is known as Gregory’s series. 
Proof :-We have Euler’s identity, 𝑒𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃 

              ∴sec 𝜃𝑒𝑖𝜃 = 1cos 𝜃 [cos 𝜃 + 𝑖 sin 𝜃] 

                                 =1 +i tan 𝜃 
 
Taking logarithm on both sides, 
       log (sec 𝜃𝑒𝑖𝜃) = log (1 +i tan 𝜃) ⇒log sec 𝜃 + log 𝑒𝑖𝜃=log (1 +i tan 𝜃)      …(1) 
 

Given that − 𝜋4 ≤ 𝜃 ≤ 𝜋4  ∴ tan 𝜃 lies between -1 and 1. 
And |i tan 𝜃 | = i . | tan 𝜃 |  ≤ 1 
 
 



We know that if 𝑥 ≤ 1,then 

            log 1 + 𝑥 = 𝑥 − 𝑥 22 + 𝑥 33 − 𝑥 44 + ⋯ ∴For 𝑖 tan 𝜃 ≤ 1, 
 log 1 + i tan 𝜃 = i tan 𝜃 − i tan 𝜃 22 + i tan 𝜃 33 − i tan 𝜃 44 + ⋯ 

 log 1 + i tan 𝜃 = 𝑖 tan 𝜃 + tan2 𝜃2 − 𝑖 tan3 𝜃3 − tan4 𝜃4 + 𝑖 tan5 𝜃5 +… 

 log sec 𝜃 + 𝑖𝜃 = tan2 𝜃2 − tan4 𝜃4 + tan6 𝜃6 − ⋯ + i tan 𝜃 − tan3 𝜃3 + tan5 𝜃5 − ⋯  

 
Equating real and imaginary parts, log sec 𝜃 = tan2 𝜃2 − tan4 𝜃4 + tan6 𝜃6 − ⋯  

                           𝜃 = tan 𝜃 − tan3 𝜃3 + tan5 𝜃5 − ⋯        …(2) 
Equation (2) is known as Gregory’s series. 
 

 



Generalized form of Gregory’s series : 
If  𝑛𝜋 − 𝜋4 ≤ 𝜃 ≤ 𝑛𝜋 + 𝜋4  then 𝜃 − 𝑛𝜋 = tan 𝜃 − tan3 𝜃3 + tan5 𝜃5 − ⋯ 

 Application of Gregory series : 
 (1) From Gregory’s series: 
       If − 𝜋4 ≤ 𝜃 ≤ 𝜋4 then 𝜃 = tan 𝜃 − 13 tan3 𝜃 + 15 tan5 𝜃 − ⋯ 

       Take tan 𝜃 = 𝑥 ⇒ 𝜃 = tan−1 𝑥 
       Then by putting 𝑥 = 1 

       
𝜋4 = 1 − 13 + 15 − 17 + 19 − ⋯ 

 
(2)Euler’s series : 

     
π4 = 12 + 13 − 13 123 + 133 + 15 125 + 135 − 17 127 + 137 + ⋯ 



Question 1: Prove that 𝜋 = 2 3 1 − 132 + 15.32 − 17.33 + ⋯  

Solution : By Gregory’s series, if − 𝜋4 ≤ 𝜃 ≤ 𝜋4  , 
                 𝜃 = tan 𝜃 − 13 tan3 𝜃 + 15 tan5 𝜃 − ⋯ 

Put  𝜃=
𝜋6 ,we get 

                  
𝜋6 = tan 𝜋6 − tan3𝜋63 + tan5𝜋65 − tan7𝜋67 + ⋯ 

                     

                     = 13 − 13 33 + 13 55 − 13 77 + ⋯ 

                     = 13 1 − 132 + 15.32 − 17.33 + ⋯  

          ⇒       𝜋 = 2×33 1 − 132 + 15.32 − 17.33 + ⋯  

 

         ∴ 𝜋 = 2 3 1 − 132 + 15.32 − 17.33 + ⋯  

 


