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 DERIVATIVES : 

If f(z) is a single valued function in the z-plane then the 

derivative of f(z) is defined as- 

                           f ’(z)= lim∆𝑧→0 𝑓 𝑧+∆𝑧 −𝑓(𝑧)∆𝑧  

provided that limit exist in independent in the way in which ∆𝑧 converges to zero i.e.∆𝑧 → 0 

Hence f(z) is differenciable. 
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 CAUCHY-RIEMANN  EQUATIONS : 

If w=f(z)=u(x,y) + iv(x,y) is a single valued function in a 

domain D then the equations 𝜕𝑢𝜕𝑥 =  𝜕𝑣𝜕𝑦        𝑎𝑛𝑑     𝜕𝑢𝜕𝑦 = − 𝜕𝑣𝜕𝑥 

are called Cauchy-Riemann equations. 

Proof :- Let z = x+iy 

Then, 𝜕𝑧𝜕𝑥 = 1      and        
𝜕𝑧𝜕𝑥 =i      ….(1) 

Let f(z)=u+iv   …(2) be analytic in a domain D.    …(given) ∴By defn, 

  f ’(z) exists in D. 
 

Diff. eqn (2) w .r .t. x and y , we get 

 f ’(z) .𝜕𝑧𝜕𝑥 = 𝜕𝑢𝜕𝑥 + i
𝜕𝑣𝜕𝑥   and   f ’(z) .𝜕𝑧𝜕𝑦 = 𝜕𝑢𝜕𝑦 + i

𝜕𝑣𝜕𝑦  



But  
𝜕𝑧𝜕𝑥 = 1      and        

𝜕𝑧𝜕𝑥 = i    …by eqn (1) 

 ⇒f’(z) .1= 𝜕𝑢𝜕𝑥 + i
𝜕𝑣𝜕𝑥   and   f ’(z) . i= 𝜕𝑢𝜕𝑦 + i

𝜕𝑣𝜕𝑦  ⇒1𝑖 = 𝜕𝑢𝜕𝑥 + i 𝜕𝑣𝜕𝑥𝜕𝑢𝜕𝑦 + i 𝜕𝑣𝜕𝑦 

 ⇒i 𝜕𝑢𝜕𝑥  + i 𝜕𝑣𝜕𝑥 = 𝜕𝑢𝜕𝑦 + i
𝜕𝑣𝜕𝑦 ⇒  i𝜕𝑢𝜕𝑥  +𝑖2 𝜕𝑣𝜕𝑥 = 

𝜕𝑢𝜕𝑦 + i
𝜕𝑣𝜕𝑦 ⇒   -𝜕𝑣𝜕𝑥 = 

𝜕𝑢𝜕𝑦        and         
𝜕𝑢𝜕𝑥  = 𝜕𝑣𝜕𝑦 

 ⇒       𝜕𝑢𝜕𝑥  = 𝜕𝑣𝜕𝑦 and 
𝜕𝑢𝜕𝑦 =  -

𝜕𝑣𝜕𝑥 

Hence proved. 



 POLAR  FORM  OF  CAUCHY-RIEMANN  

EQUATIONS  : 

If f(z) = u+iv is an analytic function and z= r𝑒𝑖𝜃  ,where 

u,v,r,𝜃 are all real ,show that the Cauchy-Riemann eqn are, 𝜕𝑢𝜕𝑟 = 1𝑟 𝜕𝑣𝜕𝜃       and      
𝜕𝑣𝜕𝑟 = − 1𝑟 𝜕𝑢𝜕𝜃 

Proof :- Let z= r𝑒𝑖𝜃  

Then, 𝜕z𝜕x = eiθ and        
𝜕𝑧𝜕𝑥 = 𝑖r𝑒𝑖𝜃    ….eqn (1)   

Let f(z)=u+iv   …(2) be analytic in a domain D.    …(given) ∴By defn, 

  f ’(z) exists in D. 
Diff. eqn (2) w .r .t. x and y , we get 

 f ’(z) .𝜕𝑧𝜕𝑟 = 𝜕𝑢𝜕𝑟 + i
𝜕𝑣𝜕𝑟   and   f ’(z) .𝜕𝑧𝜕𝜃 = 𝜕𝑢𝜕𝜃 + i

𝜕𝑣𝜕𝜃  
 



⇒ f’(z) .eiθ = 𝜕𝑢𝜕𝑟 + i
𝜕𝑣𝜕𝑟   and   f ’(z) .𝑖r𝑒𝑖𝜃 = 𝜕𝑢𝜕𝜃 + i

𝜕𝑣𝜕𝜃     … 𝑏𝑦 (1)  
 ⇒ 1𝑖𝑟 = 𝜕𝑢𝜕𝑟 + i 𝜕𝑣𝜕𝑟𝜕𝑢𝜕𝜃 + i 𝜕𝑣𝜕𝜃 

 ⇒ 𝜕𝑢𝜕𝜃 + i
𝜕𝑣𝜕𝜃 = ir 𝜕𝑢𝜕𝑟  + i 𝜕𝑣𝜕𝑟  ⇒ 𝜕𝑢𝜕𝜃 + i
𝜕𝑣𝜕𝜃 = ir

𝜕𝑢𝜕𝑟+𝑖2𝑟 𝜕𝑣𝜕𝑟 ⇒ 𝜕𝑢𝜕𝜃 + i
𝜕𝑣𝜕𝜃 = ir

𝜕𝑢𝜕𝑟 − 𝑟 𝜕𝑣𝜕𝑟 ⇒ 𝜕𝑢𝜕𝜃 =−𝑟 𝜕𝑣𝜕𝑟         and         
𝜕𝑣𝜕𝜃 =r

𝜕𝑢𝜕𝑟 

 ⇒ 𝜕𝑢𝜕𝑟 =
1𝑟 𝜕𝑣𝜕𝜃              and         

𝜕𝑣𝜕𝑟 = − 1𝑟 𝜕𝑢𝜕𝜃 

Hence proved. 



Question 1 :Prove that the functions 𝑒𝑥 cos 𝑦 + 𝑖 sin 𝑦  is 

analytic and find its derivative. 

Proof :- Let w = u+iv =𝑒𝑥 cos 𝑦 + 𝑖 sin 𝑦  ∴ u=𝑒𝑥 cos 𝑦  , v = 𝑒𝑥 sin 𝑦 

 ⇒       𝜕𝑢𝜕𝑥  =𝑒𝑥 cos 𝑦= 
𝜕𝑣𝜕𝑦  , 

𝜕𝑢𝜕𝑦=- 𝑒𝑥 sin 𝑦= -
𝜕𝑣𝜕𝑥 

 ⇒       𝜕𝑢𝜕𝑥  = 𝜕𝑣𝜕𝑦 and 
𝜕𝑢𝜕𝑦 =  -

𝜕𝑣𝜕𝑥 ⇒ C-R equations are satisfied. 

Hence w is analytic everywhere. 

Now, 𝜕𝑤𝜕𝑧 = 𝜕𝑤𝜕𝑥 = 𝜕𝑢𝜕𝑥 + i
𝜕𝑣𝜕𝑥= 𝑒𝑥 cos 𝑦 + 𝑖 sin 𝑦 =𝑒𝑥𝑒𝑖𝑦 = 𝑒𝑥+𝑖𝑦 = 𝑒𝑧 


